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Question 3 (a) should be replaced with the following: 

 

Correction to Question 4 (b) 



Social Statistics Correction to exam : MATH38152

Correction to exam: MATH38152

Social Statistics

A4.

“where mi is equal to one or zero according to wether Yi,t is observed or not, respectively.”

should read:

“where mi is equal to zero or one according to wether Yi,t is observed or not, respectively.”
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MATH34032

Two hours

UNIVERSITY OF MANCHESTER

GREEN’S FUNCTIONS, INTEGRAL EQUATIONS AND APPLICATIONS

14:00–16:00

Answer FOUR of the five questions (80 marks in total)
If more than four questions are attempted, then credit will be given for the best four answers.

Electronic calculators may be used, provided that they cannot store text.
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1.

(a) Given the linear differential operator

L =
d2

dx2
+ α

d

dx
+ 1

with α ∈ C and homogeneous boundary conditions

B = {u(0) = 0, u′(π/2) = 0},

use integration by parts and inner product notation to find the adjoint operator L∗ and adjoint
boundary conditions B∗.

Define what it means for a linear operator and associated boundary conditions to be fully self-
adjoint.

State if L and B as given above are self-adjoint when

(i) α = 0, (ii) α = −2.

[7 marks]

(b) Consider now the boundary value problem (BVP)

Lu = f(x), B = {u(0) = 0, u′(π/2) = 0}

where f(x) is a given function.
Apply the Fredholm alternative to determine the existence and uniqueness properties of this BVP

in both cases (a)(i) and (a)(ii) above.

[7 marks]

(c) Using the definition of the Green’s function and its adjoint, together with 〈v,Lw〉 = 〈L∗v, w〉,
choose v and w appropriately to prove that

G(x1, x2) = G∗(x2, x1).

Then make an alternative choice of v and w in order to show that when the Green’s function
exists, the solution to the BVP considered in (b) can be written in the form

u(x) =

∫ π/2

0

G(x, x0)f(x0) dx0.

[6 marks]
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2.

This question refers to the regular Sturm-Liouville boundary value problem

Lu = f(x)

for x ∈ [0, 1] subject to some homogeneous boundary conditions B.

Note that eigenvalues λn and associated eigenfunctions φn(x) are defined via

Lφn + λnφn = 0.

(a)
(i) Pose an eigenfunction expansion for the solution of the form

u(x) =
∞

∑

n=1

anφn(x). (1)

Apply the linear operator to this and use orthogonality, to show that

an =
−

∫

1

0
f(x0)φn(x0) dx0

λn

∫

1

0
φ2

n(x1) dx1

.

Substitute this into (1) in order to obtain the solution in the form

u(x) =

∫

1

0

G(x, x0)f(x0) dx0

and therefore determine an expression for the eigenfunction expansion of G(x, x0).

(ii) Find the eigenfunctions and eigenvalues for the specific case

L =
d2

dx2
, B = {u(0) = 0, u(1) = 0}.

[HINT: You can assume eigenvalues λ are real. Then consider λ < 0, λ = 0 and λ > 0 in turn.]

Thus derive the eigenfunction expansion for the associated Green’s function using the expression you
determined in (i).

[14 marks]

(b) Use the direct (explicit) method to determine the Green’s function associated with the operator
and boundary conditions in (a)(ii) above.

[6 marks]
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3.

(a) The free-space Green’s function for the Laplacian operator L = ∇2 in two dimensions is

G2∞(x,x0) =
1

2π
ln(|x − x0|) =

1

4π
ln((x − x0)

2 + (y − y0)
2).

Confirm that this function satisfies Laplace’s equation when x 6= x0.

[4 marks]

(b)
In the following you may use without proof the result that for any two functions f(x) and g(x)

∫

D

(f∇2g − g∇2f) dx =

∫

∂D

(f∇g − g∇f) · n ds (2)

where ∂D is the boundary of a domain D with outward pointing normal n.

Consider the following boundary value problem. For x ∈ D,

∇2u = Q(x)

for some given function Q(x), with the associated boundary condition u(x) = h(x) for x ∈ ∂D.

Choose f and g appropriately in (2) in order to derive the integral form of solution to this boundary
value problem, i.e.

u(x) =

∫

D

G(x,x0)Q(x0) dx0 +

∫

∂D

h(x0)∇x0
G(x0,x) · n ds. (3)

[6 marks]

(c) Consider the boundary value problem in (b) where the domain D is the lower half-space D =
{−∞ < x < ∞, y ≤ 0}. Use the method of images to determine the associated Green’s function.

[HINT: The Green’s function should satisfy G = 0 on y = 0.]

Set Q(x) = 0. Substitute the Green’s function you have just determined into the integral solution
form (3) together with

h(x0) =

{

1, −1 ≤ x0 ≤ 1, y0 = 0

0, otherwise

to show that

u(x) =
1

π

[

arctan

(

x + 1

y

)

− arctan

(

x − 1

y

)]

.

[HINT: You can assume that the contribution from the boundary integral “at infinity” is zero.]

[10 marks]
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4.

This question concerns Fredholm Integral equations, i.e. those of the form

u(x) = λ

∫ b

a

K(x, x0)u(x0) dx0 + g(x).

(a) Construct the Green’s function for the boundary value problem

u′′(x) = f(x) B = {u(0) = 0, u′(1) = 0}

showing that it takes the form G(x, x0) = −xH(x0 − x)− x0H(x− x0), where H(x) is the Heaviside
function.

Write the eigenvalue problem

u′′(x) + λu(x) = 2, B = {u(0) = 0, u′(1) = 0} (4)

in the form of a Fredholm Integral equation, identifying

K(x, x0) = −G(x, x0), g(x) = x2 − 2x.

[10 marks]

(b)
(i) Given λ = ǫ2, solve the differential equation (4) directly to obtain an explicit solution u(x).

Then, using

sin x ≈ x −
x3

6
+ ..., cos x ≈ 1 −

x2

2
+

x4

24
+ ..., tan x ≈ x +

x3

3
+ ...,

expand your explicit solution for ǫ ≪ 1, showing that

u(x) ≈ x2 − 2x +
ǫ2

12
(−8x + 4x3 − x4) + ... (5)

(ii) With λ = ǫ2 ≪ 1, find the first two terms in a Neumann series solution of the corresponding
Fredholm Integral equation identified in (a), showing that we recover (5).

[10 marks]
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5.

(a) Consider waves in one dimension with time harmonic behaviour exp(−iωt). For a uniform medium
they are governed by

u′′(x) + k2

0
u(x) = 0

where k0 ∈ R.

Show that the associated free space Green’s function is

G(x, x0) =
1

2ik0

exp(ik0|x − x0|).

[6 marks]

(b) Suppose now that the medium is non-uniform with wavenumber k(x):

u′′(x) + k2(x)u(x) = 0

and k(x) → k0 as |x| → ∞.
A wave is incident from the left (i.e. it propagates to the right), taking the form

ui(x) = exp(ik0x).

By writing the total wave field in the form u(x) = ui(x) + us(x) where us is thus the “scattered
wave”, show that

u′′

s(x) + k2

0
us(x) = (k2

0
− k2(x))u(x).

Therefore, using the Green’s function from (a), show that u(x) is governed by the integral equation

u(x) = ui(x) +

∫

∞

−∞

(k2

0
− k2(x0))u(x0)G(x, x0) dx0. (6)

[10 marks]

(c) Now take the specific case

k(x0) =

{

k1, 0 ≤ x ≤ 1,

k0, otherwise.

Using (6), determine the first two terms in a Born approximation to the solution u(x) for x ≥ 1.

[4 marks]

END OF EXAMINATION PAPER
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Answer ALL six questions.

Electronic calculators are permitted, provided they cannot store text.
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1. Consider a physical signal y(x, t) in the form

y(x, t) = A sin(kx− ω(k)t) + A sin((k + δ)x− ω(k + δ)t) ,

in the usual notation, where δ > 0 is a perturbation to the wavenumber k > 0.
Show that when δ is small, the solution can be written as

y(x, t) = 2A cos

(

δ

2
(x− ω′(k)t)

)

sin (kx− ω(k)t) +O(δ) .

Sketch the signal at a fixed instant in time, indicating the direction of propagation for ω >
0. Indicate the envelope of the wave and the carrier wave in the sketch and give their speed of
propagation.

You may use:

sin u+ sin v = 2 sin

(

u+ v

2

)

cos

(

u− v

2

)

.

[8 marks]

2. Consider a physical signal f(x, y, t) = Aei(kx+ly−ωt) , in the usual notation, which satisfies the
governing equation

∂f

∂t
− R2 ∂

∂t

(

∇2f
)

− βR2∂f

∂x
= 0 ,

where R and β are positive constants and ∇2 is the two-dimensional Laplacian.
(i) Show that the dispersion relation is

ω = −βR2 k

1 +R2(k2 + l2)
.

(ii) Restricting attention to the case of l = 1, sketch ω as a function of k for k > 0. Determine
the group velocity, cg, and show that cg > 0 for k > k∗, where k∗ is to be determined.

[10 marks]

3. The dispersion relation for linearised free surface waves under the influence of a surface tension,
T , on a deep water layer is

ω2 = gK + TK3/ρ ,

in the usual notation.
Show that a wavenumber K = Kmin exists for which the phase speed is a minimum and determine

c(Kmin). Sketch the square of the phase speed as a function of K.

[8 marks]
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4. Consider planar sound waves in a slowly varying channel of cross-sectional area A(x). You are
given that the sound wave perturbations ũ, p̃, ρ̃ (to the velocity, pressure and density respectively)
satisfy:

A(x)
∂ρ̃

∂t
= −ρo

∂

∂x
(A(x)ũ) ,

and

ρo
∂ũ

∂t
= −

∂p̃

∂x
.

Here ρo is the undisturbed density of the compressible fluid in which the sound waves are travelling
and ρ̃ = γp̃, for some constant γ.

Show that the pressure perturbation p̃ must satisfy the modified wave equation

∂2p̃

∂t2
= c2

1

A(x)

∂

∂x

(

A(x)
∂p̃

∂x

)

,

where c is a constant to be determined.
In the special case of A(x) = exp(αx), show that for a wave of the form p̃(x, t) = a(x) exp(iωt)

(for some fixed frequency ω), there is a critical value of α above which the waves cease to propagate
through the channel.

[12 marks]

5. Consider small disturbances to an inviscid, incompressible fluid of constant density ρ, rotating
at constant angular frequency Ω. In a Cartesian coordinate system (x, y, z), a wave motion with
velocity field u = (u, v, w) and associated pressure p satisfies

∂u

∂t
+ 2Ω×u = −

1

ρ
∇p ,

div u = 0 ,

where Ω = (0, 0,Ω).
(i) Using these equations, show that

2Ω

(

∂u

∂y
−

∂v

∂x

)

= −
1

ρ

(

∂2p

∂x2
+

∂2p

∂y2
+

∂2p

∂z2

)

,

and
∂

∂t

(

∂u

∂y
−

∂v

∂x

)

− 2Ω

(

∂u

∂x
+

∂v

∂y

)

= 0 .

(ii) Hence show that the pressure p satisfies

∂2

∂t2

(

∂2p

∂x2
+

∂2p

∂y2
+

∂2p

∂z2

)

+ 4Ω2∂
2p

∂z2
= 0 .

(iii) Verify that a wave solution exists in the form

p = Aei(kx+ly+mz−ωt) ,
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in the usual notation and give the dispersion relation ω = ω(k, l,m). Show that time-harmonic
perturbations with a period shorter than π/Ω cannot exist in this form.

(iv) Determine the group velocity from the definition

cg =

(

∂ω

∂k
,
∂ω

∂l
,
∂ω

∂m

)

,

and verify that direction of the group velocity is perpendicular to the wavenumber vector.

[21 marks]

6. Consider small disturbances in an inviscid, compressible fluid of sound speed c that is otherwise
uniform and at rest.

(i) In a Cartesian coordinate system x, y, z, the fluid occupies a pipe of square cross section:
z ∈ (0, a), y ∈ (0, b) and x ∈ (−∞,∞). State the governing equation for the velocity potential
φ(x, y, z, t) of a linear acoustic wave. Given that the boundaries z = 0, a and y = 0, b are impermeable,
state the appropriate boundary conditions for φ.

(ii) For a velocity potential in the form

φ = ℜ
{

φ̂(y, z)ei(kx−ωt)
}

,

determine φ̂ by separation of variables. Hence show that

ω2 = c2(m2π2/a2 + n2π2/b2 + k2) ,

where m,n = 0, 1, 2, · · ·.
(iii) Consider the case of n = 0. A naive interpretation of this solution is as a wave propagating

in the x-direction with a phase speed

ω

k
= c

(

m2π2

k2a2
+ 1

)
1

2

,

which is greater than c (the sound speed) when m 6= 0. Give the correct interpretation of this solution
as the sum of two plane waves, showing that the speed of propagation is (as you should expect) the
speed of sound c.

[21 marks]

END OF EXAMINATION PAPER
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THE UNIVERSITY OF MANCHESTER

MATHEMATICAL MODELLING AND REACTIVE FLOW

04 June 2013

09:45am - 11:45am

Answer ALL THREE questions.

Electronic calculators may be used, provided that they cannot store text.
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1.
Consider the non-dimensional model

dθ

dt
= −θ +Da (1− θ) exp[β(θ − 1)]

θ = 0 at t = 0 ,

for a well stirred reactor, where θ is the temperature, Da the Damköhler number, and β the Zeldovich
number.

(a) Determine the relationship between the stationary solutions θ = θs and Da. Show that θs is a
single-valued function of Da for sufficiently small values of β.

[3 marks]

(b) Determine the critical value βc of β above which θs becomes a multi-valued function of Da,
along with the ignition and extinction points (provide a rough sketch of the curve θs versus
Da).

[6 marks]

(c) Carry out a linear stability analysis of the different branches of the curve θs versus Da.

[7 marks]

(d) Carry out an asymptotic analysis of the lower branch of θs versus Da in the limit β → ∞;
in particular determine the scaling of Da (or the distinguished limit) needed to capture the
ignition point, which is also to be determined.

[7 marks]
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2.
The propagation of a one-dimensional premixed flame in the negative x-direction (in a frame of

reference attached to the flame) is described by the non-dimensional model

dθ

dx
=

d2θ

dx2
+ λ(1− θ)n exp[β(θ − 1)]

x → −∞ θ = 0

x → +∞ θ = 1 .

Here θ is the temperature, n a positive integer representing the order of the reaction, λ a positive
eigenvalue of the problem (proportional to the inverse of the square of the propagation speed) and
β the Zeldovich number assumed to be large.

(a) Assuming that the chemical reaction takes place in an infinitely thin layer around x = 0 in
the limit β → ∞, determine the outer profiles at both sides of the reaction layer choosing the
origin at the location where the outer profiles intersect.

[6 marks]

(b) Determine the inner problem to leading order (in an expansion in β−1) using the inner variable
X ≡ βx, and the inner expansion θ = 1 + β−1Θ1(X) + · · ·. In particular determine the
appropriate scaling for λ, and the matching conditions with the outer solution.

[9 marks]

(c) Find λ to leading order by solving the inner problem. [You may find it useful to use the following
result involving the Gamma function: Γ(n) ≡

∫

∞

0
xn−1e−xdx = (n− 1)!].

[8 marks]
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3.
A non-reactive solvent is released around the origin at t = 0 into a parallel flow u(y) in a

two-dimensional channel of half-width h. The solvent’s concentration c(x, y, t) is governed by the
convection-diffusion equation

ct + u(y)cx = D(cxx + cyy) with cy = 0 at y = 0 and y = h.

(a) Rewrite the problem in terms of the non-dimensional variables x̃, ỹ, t̃ and ũ given by x = Lx̃,
y = hỹ, t = L

u0

t̃, and u = u0ũ. Here u0 represents the maximum of the flow velocity and L is a
longitudinal length scale chosen so that the reference (observation) time L/u0 is large compared
with the transverse diffusion time h2/D. Hence show that the problem can be written, after
dropping tildes, as

ǫPe (ct + u(y)cx) = ǫ2cxx + cyy with cy = 0 at y = 0 and y = 1,

and determine the non-dimensional parameters ǫ and Pe in terms of L, h, u0 andD.

[5 marks]

(b) Denoting transverse averages by bars, and writing

c(x, y, t) = c̄(x, t) + c′(x, y, t) where c̄ =

∫

1

0

c dy and c′ = 0,

show that c̄ is governed by

ǫPe
(

c̄t + ū c̄x + uc′x
)

= ǫ2c̄xx .

[5 marks]

(c) Show that c′ is governed by

ǫPe
(

c′t + u′c̄x + uc′x − uc′x
)

= ǫ2c′xx + c′yy,

where u′ ≡ u(y)− ū is the deviation of the velocity from its mean value.

[3 marks]

(d) Show that in the distinguished limit ǫ → 0 with ǫPe → 0, we have c′ = ǫPec̄xF (y) to leading
order and determine the function F (y).

[8 marks]

(e) Using the result of the previous question, determine uc′x to leading order. Hence, show that c̄
is governed by

ǫPe (c̄t + ū c̄x) = ǫ2
(

1 + αPe2
)

c̄xx,

and determine the number α. What is the value of α in the particular case of a Poiseuille flow
given by u = 1− y2.

[8 marks]

(f) Returning to dimensional variables, show that c̄ is governed by a convection-diffusion equation
with effective diffusion coefficient Deff which is to be determined.

[5 marks]

END OF EXAMINATION PAPER
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Statistical Tables to be provided

Two hours

THE UNIVERSITY OF MANCHESTER

Time Series Analysis

20 May 2013
14:00 – 16:00

Electronic calculators are permitted, provided they cannot store text.

Answer ALL Four questions in Section A (32 marks in all)

and

Two of the Three questions in Section B (24 marks each).

If more than Two questions from Section B are attempted, then credit will be
given for the best Two answers.
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SECTION A
Answer ALL four questions

A1.
A graph of a monthly time series, {xt}, is shown below. The series spans a period of 14 years. Give
concise answers to the following questions.

a) What major features of the data can be inferred from this plot?

b) What might be the effect of differencing {xt}?
c) What might be the effect of a seasonal differencing, (1−B12), of {xt}?
d) What feature(s) in a time series plot might prompt you to consider a log-transformation? Is

such a transformation appropriate for the time series {xt}?

Time

ts
1

2 4 6 8 10 12 14

60
80

10
0

12
0

14
0

[8 marks]
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A2. Let {εt} be a white noise process with variance σ2, i.e. {εt} ∼WN(0, σ2).

a) Write the following model for a process {Xt} in operator form.

Xt = −0.1Xt−1 + 0.72Xt−2 + εt − 0.5εt−12.

b) Let Xt be a stationary process, such that

(1− 0.3B)Xt = 4.2 + (1 + 0.7B)εt.

Find the mean corrected representation of this model. In other words, write this model in terms
of the mean corrected process Xt − µ, where µ = EXt.
Give your answer in: (i) operator form, and (ii) difference equation form.

c) Suppose that the process {Xt} is such that

(1−B)(1−B12)Xt = (1− 0.5B)(1 + 0.1B12)εt.

Let Yt = (1−B)Xt. Write down the model for {Yt}.
d) Give two different multiplicative forms of the filter 1−B4.

[8 marks]

A3.
A time series is analysed with R and a model is fitted with the arima function. Here is a summary
of the fitted model.

Call:

arima(x = tsqu3, order = c(1, 0, 0), seasonal = list(order = c(0, 0, 0), period = 12),

include.mean = FALSE)

Coefficients:

ar1

0.4016

s.e. 0.0765

sigma^2 estimated as 1.798: log likelihood = -246.67, aic = 497.34

a) Write down the fitted model in operator form.

b) Give the estimated variance of the innovations.

c) What (if anything) can be inferred about the quality of the model’s fit from the numerical
information above?

d) The following diagnostic plots for the fitted model were obtained.
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Standardized Residuals

Time

2 4 6 8 10 12

−
1

1
2

3

0.0 0.5 1.0 1.5

−
0.

2
0.

4
1.

0

Lag

A
C

F

ACF of Residuals

●

●
● ● ● ● ● ●

● ● ● ● ● ● ● ● ● ● ● ● ● ● ● ●

5 10 15 20

0.
0

0.
4

0.
8

p values for Ljung−Box statistic

lag

p 
va

lu
e

Explain what each of these plots say about the quality of the model’s fit.

e) Taking into account the plots above, indicate how you would go about trying to improve the fit
of the model.

[8 marks]
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A4.
A time series, {xt}, is analysed with R and a model is fitted with the arima function with the
following results.

Call:

arima(x = tsqu4, order = c(0, 1, 0), seasonal = list(order = c(0, 1, 1), period = 12))

Coefficients:

sma1

0.8784

s.e. 0.0128

sigma^2 estimated as 2.499: log likelihood = -1885.84, aic = 3775.68

a) Here are plots of the autocorrelations and partial autocorrelations of the residuals from the
above fit.

0 1 2 3 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Lag

A
C

F

Series  residuals(fitqu4a)

5 of 9 P.T.O.



MATH38032

0 1 2 3 4

−
0.

4
−

0.
2

0.
0

0.
2

0.
4

0.
6

Lag

P
ar

tia
l A

C
F

Series  residuals(fitqu4a)

Explain what each of these plots say about the quality of the model’s fit.

b) On the basis of the above analysis it was decided to fit a ARIMA(2, 1, 0)(0, 1, 1)12 model to {xt}.
Explain why this is a sensible decision.

c) Numerical results for two models fitted to the observed series are shown on the next page. One
of them is the model suggested in part (b). For both models the residual diagnostics did not
show evidence for bad fit.
What inferences about the quality of the fit of each of the two models can be drawn from these
results? Which model would be your choice and why?
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Model 1

Call:

arima(x = tsqu4, order = c(2, 1, 0), seasonal = list(order = c(0, 1, 1), period = 12))

Coefficients:

ar1 ar2 sma1

-0.0960 0.7472 0.8220

s.e. 0.0209 0.0210 0.0203

sigma^2 estimated as 0.9605: log likelihood = -1406.77, aic = 2821.54

Model 2

Call:

arima(x = tsqu4, order = c(3, 1, 1), seasonal = list(order = c(0, 1, 1), period = 12))

Coefficients:

ar1 ar2 ar3 ma1 sma1

0.2037 0.7836 -0.2157 -0.3222 0.8215

s.e. 0.4976 0.0546 0.3720 0.5055 0.0204

sigma^2 estimated as 0.9599: log likelihood = -1406.45, aic = 2824.91

[8 marks]
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SECTION B
Answer 2 of the 3 questions

B5. Consider the seasonal model

(1− 0.8B12)Xt = (1 + 0.5B)εt,

where {εt} is white noise with variance 1, i.e. {εt} ∼WN(0, 1).

a) Write the model in difference equation form.

b) This is an ARIMA(p, d, q)(ps, ds, qs)s model. Give the values of s, p, d, q, ps, ds, and qs.

c) Show that the model is invertible.

d) Show that the infinite moving average representation of {Xt} is

Xt =
∞∑
k=0

0.8kB12kεt +
∞∑
k=0

0.5× 0.8kB12k+1εt,

e) Write down the coefficients of εt, εt−1, and εt−12, in the above infinite moving average represen-
tation. What are the values of the coefficients of εt−i for i = 2, 3, . . . , 11?

f) Assuming that at time t the following information is available: εt, Xt, and Xt−i for i =
1, 2, . . . , 11,

i) write down the predictors of Xt+h at time t for horizons h = 1, 12, 13;
ii) give the variances of the corresponding prediction errors.

[24 marks]
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B6. Let {Xt} be a stationary time series with EXt = 0.

a) For any integer j ≥ 1 consider the best linear predictor of Xt in terms of Xt−1, . . . , Xt−j. Denote

by vj the variance of the corresponding prediction error, and by φ
(j)
1 , . . . , φ

(j)
j the coefficients of

Xt−1, . . . , Xt−j, respectively.

i) Derive the Yule-Walker equations relating the coefficients φ
(j)
1 , . . . , φ

(j)
j and vj to the auto-

covariances γ0, γ1, . . . , γj.
ii) Write down the Yule-Walker systems for the particular cases j = 1 and j = 2.

iii) What name is usually used to refer to the coefficients φ
(1)
1 , φ

(2)
2 , . . . , φ

(j)
j , . . .?

b) Assume further that the first two theoretical partial autocorrelations of {Xt} are β1 = 0.8 and
β2 = −0.25, respectively.
For each of the following models state, giving your reasons, whether or not it is consistent
with the provided information about {Xt}. Hint: Aim to avoid unnecessary calculations, when
possible, by referring to properties we have studied.

i) Xt = 0.8Xt−1 + εt
ii) Xt = −0.8Xt−1 + εt

iii) Xt = εt + 0.8εt−1
iv) Xt = εt − 0.8εt−1
v) Xt = Xt−1 − 0.5Xt−2 + εt
vi) Xt = Xt−1 − 0.25Xt−2 + εt

vii) {Xt} is a random walk.
[24 marks]

B7. Let {Xt} be a stationary process with EXt = µx and autocovariances γk, k = 0, 1, 2, . . .. Define
another process, {Yt}, by the equation

Yt = β0 + β1t+ · · ·+ βqt
q +Xt,

where β0, β1, . . . , βq, are constants and βq 6= 0.

a) Show that the process (1−B)Xt is stationary.

b) Show that the process (1−B)mXt is stationary for any positive integer m.

c) Find the mean of Yt.

d) Show that Cov(Yt, Yt−k) = γk, for k = 0, 1, 2, . . ..

e) Show that the process (1−B)mYt is not stationary for m < q and stationary for m ≥ q.
[24 marks]

END OF EXAMINATION PAPER
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Section A 
 
Question 1.  
 
(a) A scientist wants to conduct an experiment in order to find out whether any of the factors  
xi, i = 1,…,7, affects a response variable of interest, y. How is such an experiment called? 
Write down an experimental design with the smallest possible number of observations 
where the variables act at 2 levels. Give its alias structure. Describe its positive and negative 
features.  

(9 marks) 
 
(b) Having conducted the experiment described in (a), the scientist would like to conduct a 
confirmatory experiment with only 5 of the factors studied initially. Write down a 2-level 
fractional factorial design with the smallest possible number of observations that can be 
used to estimate all main effects and 2 two-factor interactions. State its resolution, write 
down the alias structure, and hence, what model can be estimated. Write down the least 
squares estimator for one of the parameters of this model. 

(9 marks) 
 
(c) The scientist realizes that the observations have to be collected in 4 blocks. Therefore, 
instead of using the design in (b), the scientist requests a complete 2-level factorial design 
for the 5 studied variables with observations divided in 4 blocks with equal number of 
observations. Describe how such a design can be constructed.  

(6 marks) 
 
(d) A scientist wants to conduct an experiment where 3 factors will be studied using a 
Central Composite design. Construct this design so that it has 12 observations. State what 
model can be estimated. How should the experiment be organized?   

(6 marks) 
Total: 30 marks 
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Section B 
 
Question 2.  
 
An experiment has been carried out in order to assess the variability in the lifetime Y (in 
hundreds of miles) of car tires due to driver and type of road used. Three drivers were 
selected at random, and three randomly chosen routes of equal length were used in this 
study. Each driver used each route 4 times. Hence, the total number of observation is 36. 
 
(a) What type of experimental design has been used in this study? Describe its main 
features.  

(5 marks) 
 
(b) Write down an appropriate model for the data. 

(6 marks) 
 
(c) Complete the ANOVA table for the data by calculating the missing entries noted by 
question marks. Interpret the results.  
 
Source SS DF MS F 
Driver ? ? ? ? 
Route 39118.72 ? ? ? 
Interaction 9613.79 ? ? ? 
Error 18230.75 ? ?         
Total 77646.97 35                         

 
(13 marks) 

 
(d) Using the formulas for the expected means squares for driver (A), route (B) and 
interaction (AB) provided below, calculate the estimates of the relevant variances.  

(6 marks) 
 
Formulae (in standard notation): 

•   
•  
•  

 
 

Total: 30 marks 
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Question 3.  
 
An engineering company is concerned about the consistence of the mean of a quality 
characteristic and its variability in their manufacturing divisions in the 2 countries where 
manufacturing takes place. An experiment has been set up to find out whether or not 
there are statistically significant differences in these respects in the production. In each of 
the countries 3 machines were used in order to manufacture 4 items each. Hence, there 
were 24 observations in total. 
 
(a) Describe why the experimental design used in this study is a nested design. State an 
appropriate model for the data. 

(6 marks) 
 
(b) The data (not provided here) were used to calculate some entries in the ANOVA table 
below. Complete the table. State the assumptions that you have made. Estimate the 
variance components affecting the results. You can use some formulas provided at the 
end of the question. 
 
Source SS df MS F-ratio 
A (Country) 0.375 ? ? ? 
B(A) (Machine 
within country) 

? ? ? ? 

Residual ? ? 0.011  
Total 0.798 ?   

(12 marks) 
 
(c) What conclusions can be made based on the results obtained in (b)? Use 5% 
significance level for all statistical tests that you do and state the relevant critical values 
for the test statistics that you used to reach your conclusions.  

(8 marks) 
 
(d) State two reasons why it would be wrong to analyse the data as being collected with a 
Randomized Block Design. 

(4 marks) 
Total: 30 marks 

 
Formulae (in standard notation): 

• 22)]([ σσ += BrAMSBE  if factor B(A) is treated random. 

• ))((12 MSEAMSB
rB −=σ  
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Question 4.  
 
An experimental study has been set up to compare a property (response, y) of interest of 
5 formulations (A, B, C, D and E). Samples are taken from 5 batches of the formulations. 
Also, 5 operators measured the response as shown in the table below. For example, the 
response measured by Operator 2 using Batch 3 for formulation D is y = 38. 
   
 

 
Batch 

Operator 
1 2 3 4 5 

1 A=24 B=20 C=19 D=24 E=24 
2 B=17 C=24 D=30 E=27 A=36 
3 C=18 D=38 E=26 A=27 B=21 
4 D=26 E=31 A=26 B=23 C=22 
5 E=22 A=30 B=20 C=29 D=31 

 
Answer the following questions using the Fact Sheet provided on the following page and 
by doing your own calculations. 
 
(a) Identify the experimental design that has been used. Write down a suitable model for 
the data. 

(8 marks) 
 

(b) Carry out statistical analysis of the data. Write down an ANOVA table and carry out 
appropriate tests for the statistical significance of the differences in the response due to 
the 3 studied explanatory variables. Interpret the results. State any assumptions you have 
made in order to draw your conclusions. 

(14 marks) 
 

(c) Compare the mean response of interest for the formulations using a least significant 
difference (LSD) at 5% significance level. 

(6 marks) 
 

(d) Obtain a 95% confidence interval for the difference of the mean response for the first 
and the second formulations. 

(2 marks) 
 

Total: 30 marks 
 
 

(The question continues on the next page) 
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Fact sheet for Question 4: 
 
The total of the observation is 635.  
The total of the squared observations is 16805. 
 
Formulation A B C D E 
Total 111 134 130 128 132 

 
 

Operator 1 2 3 4 5 
Total 107 143 121 130 134 

 
 

Batch 1 2 3 4 5 
Total 143 101 112 149 130 
 
 
 
 

END OF EXAMINATION PAPER 
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1. Explain the purpose of solving a Phase I problem for a given LP instance. State and prove a
result linking the solution to Phase I to feasibility of the LP instance, clearly indicating when it is
possible to proceed to Phase II.

How is Phase II started in that case?
[6 marks]

Given the following LP
Minimize x1 + x2 + x3

subject to −x1 + 2x2 + x3 ≤ 1
−x1 + 2x3 ≥ 4
x1 − x2 + 2x3 = 4

x1, x2, x3 ≥ 0

(a) Formulate the Phase I problem in standard form.

[4 marks]

(b) Solve the Phase I problem through simplex iterations. Hence, either solve the above LP or
establish that it has no solutions.

[10 marks]

2. A boat manufacturer produces two types of boats, a family rowboat (R) and a sports canoe (C) .
The boats are manufactured from aluminium by means of a large press machine and finished by hand
labour. A rowboat requires 50 kg of aluminium, 6 min of machine time and 3 hr of finishing time; a
canoe requires 30 kg of aluminium, 5 min of machine time and 5 hr of finishing time. The profits on
the sale of a rowboat and a canoe are $50 and $60 respectively.

During a monthly production period, there are available a total of 2000 kg of aluminium, 300
min of machine time and 200 hr finishing time.

(a) Formulate the boat manufacturer’s problem, to find the optimal production quantities of R
and C in order to maximize his profit. Find these quantities and the maximum profit achieved.

[10 marks]

(b) Given an additional supply of 160 kg of aluminium, find the new optimal number of R and C
to manufacture, and the new optimal profit.

[5 marks]

(c) Write down the dual problem and solve this problem by using complementary slackness condi-
tions. Show that the increased profit in part (b) can be predicted through the shadow price of
aluminium.

[5 marks]

2 of 4 P.T.O.
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3. Given that the following integer program (IP)

max −x1 + 2x2

s.t. 2x1 + x2 ≤ 5
−4x1 + 4x2 ≤ 5

x1, x2 ≥ 0 and integer.

has an optimal solution xIP with value zIP ;

(a) Define the LP relaxation of this problem and explain briefly the relationship between zIP and
the optimal value of the relaxation zLP .

[3 marks]

(b) Given that the optimal solution to the relaxation is x1 = 5
4
, x2 = 10

4
, construct or otherwise

obtain the final simplex tableau.

[4 marks]

(c) Find the optimal solution xIP by use of (two) cutting planes based (in the usual notation) on
the rule maxi {fi}.

[8 marks]

(d) Illustrate your solution with the cutting planes graphically.

[5 marks]
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4. Define the dual problem for the primal LP given in standard form:

min
{
cTx | Ax = b,x ≥ 0

}
where x (n× 1) ,A (m× n) ,b (m× 1) , c (n× 1) , and state the duality thorem.

[5 marks]

(a) By converting to standard form, apply the definition to obtain the dual to the modified problem

min
{
cTx | A1x = b1,A2x ≥ b2,x ≥ 0

}
where x (n× 1) ,A1 (m× n) ,A2 (p× n) ,b1 (m× 1) ,b2 (p× 1) , c (n× 1).

[5 marks]

(b) Obtain the dual of the following LP:

Maximize 3x1 + 5x2 + 9x3

subject to 4x1 + 12x2 + 15x3 ≤ 900
−x1 + 2x2 + 3x3 = 120

x1, x2, x3 ≥ 0

[5 marks]

(c) The values

x1 =
100

3
, x2 = 0, x3 =

460

9

have been proposed as an optimal solution to the LP in part (b).

Test this assertion by using the theorem of duality.

[8 marks]

END OF EXAMINATION PAPER
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SECTION A

Answer ALL 4 questions

A1.

(i) If F (S, t) = KeλtSα where K, λ and α are constants, determine λ (in terms of α) if F satisfies
the Black Scholes PDE,

∂F

∂t
+

1

2
σ2S2∂

2F

∂S2
+ rS

∂F

∂S
− rF = 0,

where the volatility σ and interest rate r are constants.

(ii) Consider a financial instrument with price f(S, t) that satisfies the above PDE and provides a
single payoff at time t = T > 0 amounting to Sα; determine f(S, t < T ).

(iii) Distinguish the behaviour of f(S, t) with time for α < 1, α = 1 and α > 1.

[15 marks]

A2.

(i) Consider a portfolio comprising European call options on the same underlying asset and same
expiration date comprising long two options C10 with exercise price 10, short three options C20

with exercise price 20 and long one option C40 with strike 40. In addition, consider P40, the
corresponding put option with exercise price 40. Show that

P40 ≥ 2C10 − 3C20 + C40.

(ii) Show that for a forward contract, if the delivery price F is such that F > SerT (where S is the
current value of the underlying, r is the risk-free rate and T is the time to expiry) then there
exists an arbitrage opportunity.

[15 marks]
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A3.

(i) Sketch the expiry payoff diagram for the following portfolio (all options are vanilla and have
the same expiry date): short two puts both with exercise price X1 and long four calls all with
exercise price X2. Compare the cases X1 > X2, X1 = X2, X1 < X2.

(ii) A portfolio Π has the following payoff at time T :

Π(S, T ) = X1 − S, S < X1 (1)

= 0, X1 < S < X2 (2)

= S −X2, S > X2. (3)

Replace this portfolio at time t by buying or selling vanilla calls or puts, all with the same
expiry date, but with differing exercise prices.

[15 marks]

A4.
Prove the following bounds on the price of European call and put options, denoted by C(S, t) and

P (S, t) respectively on an underlying asset S which pays no dividends and where X is the exercise
price, r is the constant risk-free rate, t is the time since the purchase of the option, and T is the
expiry date of the option:

(i)
P ≥ Xe−r(T−t) − S,

(ii)
P ≤ Xe−r(T−t),

(iii)
C ≥ S −Xe−r(T−t).

(iv) Use the result in part (iii) to show that it is never optimal to exercise an American call option
before expiry when the underlying asset pays no dividends.

You may assume the put-call parity relationship for European options, namely

S + P − C = Xe−r(T−t).

[15 marks]
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SECTION B

Answer 2 of the 3 questions

B5. The change in the value of an asset S in a (small) time dt satisfies the stochastic differential
equation

dS = µSdt+ σSdW

where µ and σ are constant and W is a standard Brownian motion.

(i) If S = expF , show that the stochastic differential equation for F may be written in the form

dF = adt+ bdW

where you are to determine a and b. Interpret this equation. (Ito’s Lemma may be used without
proof.)

(ii) Starting with the Black-Scholes equation

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0,

where the volatility σ and interest rate r are constants, show that V (F, t) satisfies

∂V

∂t
+ c

∂2V

∂F 2
+ d

∂V

∂F
− rV = 0,

where you are to determine c and d.

(iii) By writing V = g1(t) + g2(t)F , determine the value of an option whose payoff at time t = T is
V (S, T ) = log S.

[20 marks]
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B6.

(i) Suppose that an asset of value S pays out a dividend DSdt in time dt (in other words, D is the
dividend yield). Given that the price V (S, t) of an option on this asset satisfies the modified
Black-Scholes equation

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ (r −D)S

∂V

∂S
− rV = 0,

show that the substitution
V (S, t) = e−D(T−t)V1(S, t)

results in the standard Black-Scholes equation, but with a modified interest rate (which you
are to determine).

(ii) Given that the solution for a vanilla (non-dividend-paying) European call option is

C(S, t) = SN(d1)−Xe−r(T−t)N(d2),

where

d1 =
log(S/X) + (r + 1

2
σ2)(T − t)

σ
√
T − t

,

d2 =
log(S/X) + (r − 1

2
σ2)(T − t)

σ
√
T − t

,

and N(x) is the cumulative distribution function, write down the corresponding result for a
call option with a dividend yield of D.

(iii) Consider a stock whose price today (9 months from the expiration of an option) is £20, the
exercise price of a European call option on this stock is £19, the risk-free interest rate is 3% per
annum (fixed) and the volatility (constant) is 10% per (annum)

1

2 . The stock pays a continuous
dividend at a rate 2% of the value of the stock (per annum).

What is today’s value of a call option on this asset? Values of the cumulative distribution
function may be determined by interpolation of the provided tables.

(iv) Given that the put-call relationship for vanilla European options in the case of a non-dividend-
paying stock is

C +Xe−r(T−t) − P − S = 0,

write down the corresponding relationship between call and put (Cd and Pd, respectively)
options on a continuous-dividend-paying asset, with a yield D.

[20 marks]
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B7.
Consider the Black-Scholes equation for a put option, P , on a stock S which pays no dividends,

namely
∂P

∂t
+

1

2
σ2S2∂

2P

∂S2
+ rS

∂P

∂S
− rP = 0,

in the usual notation, where r and σ are both constants.

(i) By neglecting the time derivative in the above equation, seek solutions of the form

P (S) = A1S
α1 + A2S

α2 ,

where A1 and A2 are constants, and α1 > α2. Determine the values of α1 and α2.

(ii) Consider a perpetual American put option P (S), i.e. an option with no expiry date but where
it is possible at any point in time to exercise, which has a (non-standard) exercise value of
Ke−S, where K is a constant. This can be valued using the time independent solutions in (i)
above. The exercise boundary is denoted by Sf . State and justify the two conditions at S = Sf

and the other appropriate boundary condition.

(iii) Determine Sf and the values of A1 and A2.

(iv) Describe the behaviour of P (S) and Sf as r → 0.

[20 marks]

END OF EXAMINATION PAPER
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Question 1 
 
Let Txy be a continuous random variable representing the joint future lifetime 
of lives aged x and y. 
 

Define another random variable 
xyT

xy vZ = where i
v

+
=

1
1

, and i  is the 

rate of interest. 
Describe in words the quantity represented by xyZ  and derive an expression 
for its variance in terms of standard actuarial functions. [6] 
 
 
 
Question 2 
 
Describe the structure of a unit-linked endowment assurance policy, stating 
how the payments made by the policy holder are treated and how the benefits 
payable on death, surrender, or maturity may be determined. (Formulae are 
not necessary and a discussion of pricing is not required.) [7] 
 
 
Question 3 
 
A sickness benefit is modelled by a three-state transition model with constant 
transition probabilities between them. 
 
The states are: Healthy, Sick, Dead. 
 
Transition rates are: 
 
Healthy to Sick, 0.045 per annum; 
Healthy to Dead, 0.02 per annum 
Sick to Healthy, 0.05 per annum; 
Sick to Dead, 0.04 per annum. 
 
(i) Sketch a diagram representing this model. [2] 
 
(ii) Calculate the present value of a sickness benefit of £3,000 p.a. paid 
continuously to a 
life now aged 55 exact and sick, during only this first period of sickness, 
discounted at an interest rate of 4% p.a. and payable to a maximum age of 65 
exact. [6] 
 
[Total 8] 
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Question 4 
 
You are given the following data referring to the mortality rates of elephants in 
a game reserve. “Indigenous” refers to the elephants that are part of the 
original population of the reserve. “Immigrants” refers to elephants in a group 
recently transported to the reserve. 
 
 Indigenous Immigrants 
Age band Exposed to 

risk 
Observed 
mortality rate 

Exposed to 
risk 

Observed 
mortality rate 

5 – 14 103 0.038835 87 0.011494 
15 – 24 221 0.009050 233 0.008584 
25 – 34 124 0.008065 204 0.009804 
35 – 44 86 0.011628 211 0.014218 
 
 
(i) Calculate the directly and indirectly standardised mortality rates, and the 
standardised mortality ratio for the immigrant lives, using the total elephant 
population as the standard population. [11] 
 
(ii) Describe four factors that could account for the difference in mortality 
between the two populations. [6]  
 
[Total 17] 
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Question 5 
 
(i) Describe three different types of selection in the membership of a pension 
scheme. [6] 
 
A pension scheme provides a pension on retirement for any reason of 1/60th 
of final pensionable salary for each year of service, with fractions counting 
proportionately. Final pensionable salary is defined as the average salary over 
the three years prior to retirement. 
 
A member of a pension scheme joined at age 32 exact. He is now aged 57 
exact and in the 12 months preceding the scheme valuation date his salary 
was £55,000. 
 
(ii) Calculate the expected present value now of this member’s past service 
benefits. [4] 
 
(iii) Show that the expected present value of his future service benefits is 
£59,848. [4] 
 
 
(iv) Calculate the percentage of salary required to fund the future service 
element of the pension. [3] 
 
Basis: Example Pension Scheme Table in the Formulae and Tables with 
Normal retirement Age 65. 
 
[Total 17] 
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Question 6 
 
A man aged 50 exact wants to buy the following benefits: 
 

(a) an annuity of £10,000 per annum payable monthly in arrear to his 
wife currently aged 52 exact commencing on his death and for the rest 
of her life, and 
 
(b) an annuity of £1,000 per annum payable monthly in arrear to his 
granddaughter currently aged 9 exact payable while at least one of he 
and his wife are still alive; and 
 
(c) a lump sum of £5,000 payable to his granddaughter at the end of 
the year of death of the last survivor of him and his wife provided the 
granddaughter is at least 21. 

 
Calculate the combined single premium. For the annuities (a) and (b) use the 
basis below and for the assurance (c) use the values given in the table below. 
[17] 
 
Basis: 
Mortality Male life – PMA92C20 
Wife – PFA92C20 
Granddaughter – ignore 
Interest 4% per annum 
 
You are given 
 
Male Female Joint 

42815.062 =A  41377.064 =A  33762.064:62 =A  
  60171.0. 52125012

12 =ppv  
  012279.0)1( 52125012

12 =− ppv  
  010395.0)1( 52125012

12 =− ppv  
 
[Total 17] 



MATH39522 

Page 6 of 6 
 

Question 7 
 
An insurance company sells a non profit endowment assurance with sum 
assured payable at the end of the year of death or on survival to the end of 
the three year term. Level premiums are payable annually in advance during 
the life of the policyholder. 
 
The policy can be surrendered on each policy anniversary for a benefit equal 
to the premiums paid with interest at 2% per annum, less a £50 administration 
charge. 
 
Premiums and net premium reserves are calculated with the following basis: 
 
Mortality AM92 ultimate 
Surrenders None 
Interest 4% 
Initial expenses £100 
Renewal expenses  
(in years 2 & 3) 

£50 per annum plus 2% of 
level annual premium  

 
(i) Show that the level annual premium for a policy with sum assured of 
£10,000 sold to a man aged 62 exactly is £3,225. [8] 
 
The company uses profit testing to calculate the profit margin of this contract. 
The profit testing basis is the same as above except that it assumes 7% of 
policies will be surrendered on the first policy anniversary and 4% will be 
surrendered on the second. It assumes it earns 5% per annum on funds 
invested and uses a risk discount rate of 8% per annum to calculate the profit 
margin. 
 
(ii) Calculate the expected profit margin. [20] 
 
[Total 28] 
 
 

END OF EXAMINATION 
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Question 1 
 
Let Txy be a continuous random variable representing the joint future lifetime 
of lives aged x and y. 
 

Define another random variable 
xyT

xy vZ  where 
i

v



1

1
, and i  is the 

rate of interest. 
Describe in words the quantity represented by xyZ  and derive an expression 
for its variance in terms of standard actuarial functions. [6] 
 
 
 
Question 2 
 
Describe the structure of a unit-linked endowment assurance policy, stating 
how the payments made by the policy holder are treated and how the benefits 
payable on death, surrender, or maturity may be determined. (Formulae are 
not necessary and a discussion of pricing is not required.) [7] 
 
 
Question 3 
 
A sickness benefit is modelled by a three-state transition model with constant 
transition probabilities between them. 
 
The states are: Healthy, Sick, Dead. 
 
Transition rates are: 
 
Healthy to Sick, 0.045 per annum; 
Healthy to Dead, 0.02 per annum 
Sick to Healthy, 0.05 per annum; 
Sick to Dead, 0.04 per annum. 
 
(i) Sketch a diagram representing this model. [2] 
 
(ii) Calculate the present value of a sickness benefit of £3,000 p.a. paid 
continuously to a 
life now aged 55 exact and sick, during only this first period of sickness, 
discounted at an interest rate of 4% p.a. and payable to a maximum age of 65 
exact. [6] 
 
[Total 8] 
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Question 4 
 
You are given the following data referring to the mortality rates of elephants in 
a game reserve. “Indigenous” refers to the elephants that are part of the 
original population of the reserve. “Immigrants” refers to elephants in a group 
recently transported to the reserve. 
 
 Indigenous Immigrants 
Age band Exposed to 

risk 
Observed 
mortality rate 

Exposed to 
risk 

Observed 
mortality rate 

5 – 14 103 0.038835 87 0.011494 
15 – 24 221 0.009050 233 0.008584 
25 – 34 124 0.008065 204 0.009804 
35 – 44 86 0.011628 211 0.014218 
 
 
(i) Calculate the directly and indirectly standardised mortality rates, and the 
standardised mortality ratio for the immigrant lives, using the total elephant 
population as the standard population. [11] 
 
(ii) Describe four factors that could account for the difference in mortality 
between the two populations. [6]  
 
[Total 17] 
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Question 5 
 
(i) Describe three different types of selection in the membership of a pension 
scheme. [6] 
 
A pension scheme provides a pension on retirement for any reason of 1/60th 
of final pensionable salary for each year of service, with fractions counting 
proportionately. Final pensionable salary is defined as the average salary over 
the three years prior to retirement. 
 
A member of a pension scheme joined at age 32 exact. He is now aged 57 
exact and in the 12 months preceding the scheme valuation date his salary 
was £55,000. 
 
(ii) Calculate the expected present value now of this member’s past service 
benefits. [4] 
 
(iii) Show that the expected present value of his future service benefits is 
£59,848. [4] 
 
 
(iv) Calculate the percentage of salary required to fund the future service 
element of the pension. [3] 
 
Basis: Example Pension Scheme Table in the Formulae and Tables with 
Normal retirement Age 65. 
 
[Total 17] 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



MATH39522 

Page 5 of 6 
 

Question 6 
 
A man aged 50 exact wants to buy the following benefits: 
 

(a) an annuity of £10,000 per annum payable monthly in arrear to his 
wife currently aged 52 exact commencing on his death and for the rest 
of her life, and 
 
(b) an annuity of £1,000 per annum payable monthly in arrear to his 
granddaughter currently aged 9 exact payable while at least one of he 
and his wife are still alive; and 
 
(c) a lump sum of £5,000 payable to his granddaughter at the end of 
the year of death of the last survivor of him and his wife provided the 
granddaughter is at least 21. 

 
Calculate the combined single premium. For the annuities (a) and (b) use the 
basis below and for the assurance (c) use the values given in the table below. 
[17] 
 
Basis: 
Mortality Male life – PMA92C20 
Wife – PFA92C20 
Granddaughter – ignore 
Interest 4% per annum 
 
You are given 
 
Male Female Joint 

42815.062 A  41377.064 A  33762.0
64:62
A  

  60171.0. 52125012

12 ppv  
  012279.0)1( 52125012

12  ppv  
  010395.0)1( 52125012

12  ppv  
 
[Total 17] 
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Question 7 
 
An insurance company sells a non profit endowment assurance with sum 
assured payable at the end of the year of death or on survival to the end of 
the three year term. Level premiums are payable annually in advance during 
the life of the policyholder. 
 
The policy can be surrendered on each policy anniversary for a benefit equal 
to the premiums paid with interest at 2% per annum, less a £50 administration 
charge. 
 
Premiums and net premium reserves are calculated with the following basis: 
 
Mortality AM92 ultimate 
Surrenders None 
Interest 4% 
Initial expenses £100 
Renewal expenses  
(in years 2 & 3) 

£50 per annum plus 2% of 
level annual premium  

 
(i) Show that the level annual premium for a policy with sum assured of 
£10,000 sold to a man aged 62 exactly is £3,225. [8] 
 
The company uses profit testing to calculate the profit margin of this contract. 
The profit testing basis is the same as above except that it assumes 7% of 
policies will be surrendered on the first policy anniversary and 4% will be 
surrendered on the second. It assumes it earns 5% per annum on funds 
invested and uses a risk discount rate of 8% per annum to calculate the profit 
margin. 
 
(ii) Calculate the expected profit margin. [20] 
 
[Total 28] 
 
 

END OF EXAMINATION 
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1. Consider the Cramér-Lundberg model where the risk process U = {Ut : t ≥ 0} of an insurance
company is given by

Ut = u + ct −

Nt
∑

i=1

Xi, t ≥ 0,

where t is time in years, u ≥ 0 is the initial capital, c > 0 is the premium rate, N = {Nt : t ≥ 0} is a
Poisson process with intensity λ > 0 that counts the number of claims and the claim sizes X1, X2, . . .
are independent, identically distributed and strictly positive random variables that are independent
of the Poisson process N . Further, the probability density function of X1 is given by

fX1
(x) =

1

2

(

α1e
−α1x + α2e

−α2x
)

, x > 0,

where α1, α2 > 0.

(a) Determine the probability that the insurance company receives exactly three claims in the first
year.

[3 marks]

(b) The insurance company sets the premium rate c by using the expected value principle with
loading factor β > 0. Show that the premium rate is given by

c =
1 + β

2
λ

(

1

α1

+
1

α2

)

.

[3 marks]

(c) Does the ruin probability of the insurance company become higher or lower when the loading
factor β is increased? Justify your answer.

[3 marks]

(d) Determine the Laplace exponent ξ of the risk process U which is defined by

eξ(θ) = E
[

eθU1

∣

∣ U0 = 0
]

, θ ≥ 0.

[4 marks]

(e) Assume now α1 = α2. By using the Laplace exponent ξ, determine the Lundberg coefficient.

[4 marks]

(f) Assume α1 = α2 = 1/3, β = 0.4, λ = 1 and u = 6. Find the probability that the first claim
leads to ruin.

[6 marks]

2 of 5 P.T.O.
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(g) Suppose now, in addition to the assumptions made in part (f), that the insurance company has
the option to buy excess of loss reinsurance with retention level M ≥ 0. It is assumed that the
insurance company chooses the retention level at time t = 0 and cannot alter it in the future.
The premium rate that the reinsurer charges to the insurance company is determined via the
expected value principle with loading factor equal to 0.6. Denote by UM the risk process of
the insurance company under the excess of loss reinsurance scheme with retention level M .

(i) Determine the reinsurance premium rate as a function of the retention level M .

(ii) For which values of the retention level M , is the net profit condition satisfied for the risk
process UM?

[8 marks]

[Total 31 marks]

2.

(a) What is the variance premium principle?

[3 marks]

(b) When does a premium principle satisfy the no rip-off property?

[3 marks]

(c) Jensen’s inequality says that for a positive random variable X with finite mean and a twice
differentiable function f whose second derivative is everywhere positive, the following inequality
holds:

f(E[X]) ≤ E[f(X)].

Use Jensen’s inequality to show that the exponential premium satisfies the positive loading
property.

[6 marks]

(d) Let X be a risk whose probability density function fX is given by

fX(x) =

{

1

x+1
if 0 ≤ x ≤ e1 − 1,

0 otherwise.

Compute the Value-at-Risk and the Tail-Value-at-Risk for any confidence level p ∈ (0, 1).

[7 marks]

[Total 19 marks]
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3. An observable random variable X depends on an unobservable parameter θ ∈ [0, 1] in such a way
that the probability density function of X given θ, is given by

f(x|θ) =











(1 − θ)2 if x = 0

2θ(1 − θ) if x = 1

θ2 if x = 2.

Assume a Bayesian framework in which the unknown parameter θ is interpreted as a random variable
Θ whose prior probability density function is given by

fΘ(θ) = 30(1 − θ)2θ2, 0 ≤ θ ≤ 1.

It is observed that X = 2.

(a) What is the posterior distribution of Θ?

[4 marks]

(b) What is the Bayesian estimate of Θ under the quadratic (or squared error) loss function?

[4 marks]

(c) Suppose a second independent observation is made which yields X = 1.

(i) What is the posterior distribution of Θ after the second observation?

[4 marks]

(ii) What is the maximum likelihood estimate of θ after the second observation?

[6 marks]

[Total 18 marks]
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4. An insurance company ranks policyholders in three different categories: type 1, type 2 and type 3.
In each year, a policyholder produces independent claim amounts that are exponentially distributed
with parameter 0.01 if he/she is of type 1, with parameter 0.02 if he/she is of type 2 and with
parameter 0.04 if he/she is of type 3. The company believes 15% of its policyholders are of type 1,
60% are of type 2 and the rest is of type 3.

(a) A certain policyholder produced claim amounts of 40 in year 1, 70 in year two and 50 in year
3. Determine the Bühlmann credibility estimate of the expected value of the claim amounts in
year 4 of this particular policyholder.

[13 marks]

(b) The insurer has grouped together policyholders who are living in the same postcode area. The
group corresponding to a particular postcode area produced total claim amounts of 1100 in year
1, 950 in year 2 and 600 in year 3. The total number of policyholders in the group was 12 in
year 1, 10 in year 2 and 9 in year 3. In year 4, the total number of policyholders in this group is
10. Assuming that the policyholders in this group are independent, use the Bühlmann-Straub
model in order to determine the Bühlmann credibility estimate of the expected value of the
total claim amounts in year 4 corresponding to this particular group.

[6 marks]

(c) Name an advantage and a disadvantage of using the Bühlmann credibility estimate instead of
the Bayesian credibility estimate.

[3 marks]

[Total 22 marks]

END OF EXAMINATION PAPER
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