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UNIVERSITY OF WARWICK 
 
Summer Examinations 2015/2016 
 
Mathematical Economics 2: Mechanism Design and Alternative Games 
 
 
Time Allowed: 2 hours. 
 
Answer ONE question in Section A, ONE question in Section B and ONE question in 
Section C. All questions carry equal marks. Answer Section A questions in one booklet, 
Section B questions in a separate booklet; and Section C questions in a separate booklet.  
 
Read carefully the instructions on the answer book provided and make sure that the particulars 
required are entered on each answer book. If you answer more questions than are required and 
do not indicate which answers should be ignored, we will mark the requisite number of answers 
in the order in which they appear in the answer book(s): answers beyond that number will not 
be considered. 
 
 

 

Section A: Answer ONE question 

 

 
 
1.  Consider a network of 6 players, each of whom plays the following strategic (normal)-

form game with their immediate network connections 

 

 

S 

T 

S 

(0, 0) 

(A, B) 

T 

(B, A) 

(C, C) 

Assume that player i’s payoff from strategy vector 𝑠 = (𝑠1, … , 𝑠𝑖, … , 𝑠𝑛) – where 𝑠𝑖 - the 
probability that player i uses pure strategy S - is: 
 

𝑈𝑖(𝑠) = 𝜀𝑠𝑖 + ∑ 𝑉(𝑠𝑖, 𝑠𝑗) 

𝑗∈𝑁𝑖(Γ)

 
Further assume 0  < 𝜀 < 𝐶 < 𝐴 < 𝐵. 
 

(a)  For which (if any) network structure(s) is it an equilibrium for each player to use 

strategy S? (5 marks) 

(b) For which (if any) network structures is it an equilibrium for each player to use 

strategy T? (5 marks) 

(c)  Find a network structure with a pure-strategy Pareto Optimal equilibrium in which 

both S and T are played by positive fractions of the population. (10 marks) 

(d) Can you find a k-regular network (all players have the same degree k) and a pure 

strategy equilibrium in which all players are connected both to people playing S and 
to people playing T? Justify your answer by example or logical argument. (13 marks) 
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2.  Three young entrepreneurs are considering participating in an online ‘sharing economy’ 

venture in which they exchange services with their network neighbours. Each direct 
connection to another player gives them a value of 10; a player with no connections gets 
nothing. However, giving advice is not free; the cost of maintaining k connections is 4𝑘2.  

(a)  Find the net payoff to each player in each of the 4 possible networks and identify the 

efficient network(s) (ignore names: e.g. the networks {12}, {13} and {23} are all 
equivalent). (5 marks) 

(b) Suppose each player simultaneously writes down the names of the player(s) with 

whom they are willing to connect; only links that both players wish to form are 
created. Show that the empty network is an equilibrium. (5 marks) 

(c)  Now consider instead the Jackson-Wolinsky (two to make, one to break) network 

model. Find the unique pairwise stable network and justify your answer. (10 marks) 

(d) In the model of part c), allow the players to offer some of their payoff to others in 

exchange for agreeing to make or break a link. Show that the network found in c) is 
no longer pairwise stable and find the unique pairwise stable network. (13 marks) 

 
 

 

Section B: Answer ONE question 

 

 

3.  Consider the ‘Buy it now’ price often included in online auctions. Suppose that 2 bidders 

in an English (ascending oral) auction for a single object have private values identically 
and independently drawn from a uniform distribution on the unit interval [0, 1]. 

(a)  What does a bidder with value x expect to pay conditional on winning? (5 marks) 

(b) Now suppose that the seller includes a ‘buy it now’ price 𝐵 ≥ ½; either bidder can 

end the auction at any stage by offering (and paying) B. Assume there is an 
equilibrium in which a bidder with value 𝑥 ≥ 𝐵 will pay the buy it now price when 
the bidding reaches 𝑝(𝑥) and where 𝑝’(𝑥) < 0. What price, conditional on winning, 
does a buyer with valuation x expect to pay as a function of x and 𝑝(𝑥)? (10 marks) 

(c)  Assuming risk neutrality, explain why the expected payment conditional on winning 

of a buyer with value x is the same in a) and b) and use this to solve for 𝑝(𝑥). (Note: 
you should get a quadratic equation; one root will be 𝑝(𝑥) = 𝑥, but this will not be 
the solution, since by assumption 𝑝’(𝑥) < 0)? (8 marks) 

(d) With risk-neutral buyers, would a risk-averse seller prefer the English auction with a 

buy it now price to an English auction without a buy it now price? Would she prefer it 
to a first-price sealed bid auction? (10 marks) 
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4.  This question concerns the withdrawal of a country from an economic community. For 

the purposes of this question, assume that the country (i=1) and the remaining members 
(i=2) each own half of an indivisible asset. This question consists of 2 separate parts 
concerning an allocation mechanism for withdrawal.  

The asset will be allocated to the country (𝛿 = 1) or the community (𝛿 = 0) and there 
will be transfers 𝑥𝑖, with 𝑥1 + 𝑥2 = 0. The value of the asset to player i is 𝑣(𝑖) – this is 
known to i. Each player regards the other’s valuation as a random variable drawn 
according to a distribution F on the unit interval [0, 1] with everywhere positive density 
𝑓(𝑣). The utilities are 𝑢1 = 𝛿𝑣(1) + 𝑥1; 𝑢2 = (1 − 𝛿)𝑣(2) + 𝑥2 . 
(a)  What is the efficient (complete information, first-best) allocation as a function of 

𝑣(1) 𝑎𝑛𝑑 𝑣(2)? (5 marks) 

(b) Define the family of VCG mechanisms for this problem, giving explicit formulas for 

the transfers to each player. (8 marks) 

A revelation mechanism is a pair 𝑝(𝑣(1), 𝑣(2)), 𝑥(𝑣(1), 𝑣(2)) such that if the players 
announce 𝑣(𝑖), p gives the probability that the asset goes to the country and x is the 
transfer from the community to the country (negative if the country pays the community). 
Define the expectations of p and x by: 

1

1

𝑃1(𝑣(1)) = ∫ 𝑝(𝑣(1), 𝑣(2))𝑓(𝑣(2))𝑑𝑣(2)

𝑋1(𝑣(1)) = ∫ 𝑥(𝑣(1), 𝑣(2))𝑓(𝑣(2))𝑑𝑣(2)

0

0

1

1

 

𝑃2(𝑣(2)) = ∫ (1 − 𝑝(𝑣(1), 𝑣(2))) 𝑓(𝑣(1))𝑑𝑣(1) 𝑋2(𝑣(2)) = − ∫ 𝑥(𝑣(1), 𝑣(2))𝑓(𝑣(1))𝑑𝑣(1)

0

0

If i has true value 𝑣(𝑖) and announces 𝑣, its utility is 𝑈𝑖(𝑣(𝑖), 𝑣) = 𝑣(𝑖)𝑃 (

(

𝑖 𝑣) + 𝑋𝑖 𝑣); 

denote the truthful payoff by 𝑈𝑇

𝑖 (𝑣(𝑖)) = 𝑈𝑖(𝑣(𝑖), 𝑣(𝑖)).  

(c)  What is the interim individual rationality constraint for player i? (Hint: assume that if 

i does not participate, i retains a half share in the asset) (5 marks) 

(d) The mechanism is Bayesian incentive compatible if for all i and all values of 

𝑣(𝑖) 𝑎𝑛𝑑 𝑣, we have 𝑈𝑇𝑖(𝑣(𝑖)) ≥ 𝑈𝑖(𝑣(𝑖), 𝑣). Show  that the following two statements 
are equivalent: (15 marks) 

𝐴:

𝑃 (

𝑖 𝑣(𝑖)) is non-decreasing in 𝑣(𝑖) 

𝑣(𝑖)

 

𝐵: 𝑈𝑇

𝑇

𝑖 (𝑣(𝑖)) = 𝑈𝑖 (𝑣(𝑖)) + ∫

𝑃 (

𝑖 𝑣)𝑑𝑣

0
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Section C: Answer ONE question 

 

 
5.  Consider the following two player symmetric game played between players who are 

randomly matched from a large population: 

 

 

L 

M 

R 

L 

1,1 

0,0 

0,0 

M 

0,0 

2,2 

0,0 

R 

0,0 

2,0 

0,0 

Calculate the replicator dynamics and illustrate them on a diagram. (10 marks) 

 

(a)  Find all stationary, Lyapunov Stable and Asymptotically Stable population states and 

justify your answer. (8 marks) 

 

(b) Find all Nash Equilibria, NSS and ESS and justify your answer. (7 marks) 

 

(c)  Here you should have found that the set of stationary states exactly coincides with the 

set of Nash Equilibria. Is this always the case? What is the relation between the two? 
Fully justify your answer. (8 marks) 

 
 
 
6.  Consider the general class of symmetric two player games in which players are being 

randomly matched from a large population. For each of the following statements say 
whether it is true or false and justify your answer with a proof or counter-example: 

 

(a)  If a state is stationary in the replicator dynamic then it must be a Nash Equilibrium. (5 

marks) 

 

(b) If there is an ESS in which all pure strategies are played with positive probability, 

then this must be the unique ESS. (5 marks) 
 

(c)  If there is an NSS in which all pure strategies are played with positive probability, 

then this must be the unique NSS. (5 marks) 

 

Now consider the following two player game between a large population of player 1 
agents who are randomly matched with a large population of player 2 agents. 
 

 

L 

M 

T 

9,1 

0,0 

B 

7,3 

7,3 

(d) Calculate the replicator dynamics and illustrate them on a diagram. (10 marks) 

 

(e)  On your diagram clearly identify (and justify your answer) (8 marks): 

•  All stationary states 
•  All Nash Equilibria 
•  All Lyapunov stable states 
•  All Asymptotically stable states 
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